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This paper shows that, contrary to the case of linear operators, absolutely sum-
ming homogeneous polynomials are not always weakly compact. It is also shown
that, regardless of the inﬁnite dimensional Banach space E and the positive inte-
ger n, there exists an n-homogeneous polynomial P from E to E that plays the
role of the identity operator in the sense that P is neither compact nor absolutely
r-summing for any r, and P is weakly compact if and only if E is reﬂexive.  2002
Elsevier Science
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It is well known that every absolutely p-summing linear operator between
Banach spaces is weakly compact. The ﬁrst aim of this paper is to show that
this is no longer true for homogeneous polynomials.
Throughout this paper r ∈ 1∞ n is an integer not smaller than 2, and
E and F will stand for (real or complex) Banach spaces. E′ is the dual
space of E, and BE denotes the closed unit ball of E. Given a continuous
n-linear mapping A En → F , the map
P E → F  Px = Ax x     x for every x ∈ E
is called a continuous n-homogeneous polynomial. The space of all continu-
ous n-homogeneous polynomials from E to F will be denoted by nE
F,
and it becomes a Banach space under the natural norm
P = supPx  x ≤ 1 = infC  Px ≤ C · xn ∀x ∈ E
If F is the scalar ﬁeld we shall write nE. For the sake of simplicity, we
will henceforth write “n-homogeneous polynomial” instead of “continuous
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n-homogeneous polynomial.” For the general theory of multilinear map-
pings and homogeneous polynomials we refer to Dineen [6].
Deﬁnition. An n-homogeneous polynomial P ∈ nE
F is said to be
• absolutely r-summing if there is a constant C ≥ 0 such that
( k∑
j=1
Pxjr/n
)n/r
≤ C ·
[
sup
ϕ∈BE′
( k∑
j=1
ϕxjr
)1/r]n

for every k ∈  and x1     xk ∈ E. For the theory of absolutely summing
polynomials we refer to Alencar and Matos [1], Botelho [2, 3], Floret and
Matos [7], Matos [8], Mele´ndez and Tonge [10], Pietsch [11], and Schneider
[12]. Such polynomials are sometimes called polynomials of r-dominated type
and absolutely (r/n,r)-summing polynomials.
• compact if P maps BE onto a relatively compact subset of F .
• weakly compact if P maps BE onto a relatively weakly compact subset
of F .
As we have already mentioned, absolutely summing linear operators are
always weakly compact (see [5, Theorem 2.17]). Next we see that this is no
longer valid for n ≥ 2.
Example 1. Given n ≥ 2, consider the n-homogeneous polynomial
Pn 1 → 1  Pn
(αi∞i=1) = (αin)∞i=1 Pn ∈ n1
 1
Let us see ﬁrst that Pn is absolutely n-summing. Let x1     xk ∈ 1 xj =
ξij∞i=1 and ri∞i=1 be the Rademacher functions.
k∑
j=1
Pnxj =
k∑
j=1
∞∑
i=1
ξijn ≤
k∑
j=1
[ ∞∑
i=1
ξij2
]n/2
=
k∑
j=1
[ ∫ 1
0
∣∣∣∣
∞∑
i=1
ritξij
∣∣∣∣
2
dt
]n/2
≤
k∑
j=1
∫ 1
0
∣∣∣∣
∞∑
i=1
ritξij
∣∣∣∣
n
dt
≤ sup
t∈0 1
k∑
j=1
∣∣∣∣
∞∑
j=1
ritξij
∣∣∣∣
n
≤ sup
ηii∈B∞
k∑
j=1
∣∣∣∣
∞∑
i=1
ηiξ
i
j
∣∣∣∣
n
= sup
ϕ∈B∞
k∑
j=1
ϕxjn
Now let us see that Pn is not weakly compact. Suppose that PnB1 is a
relatively weakly compact subset of 1. From the Eberlein–Smulian The-
orem, every sequence in PnB1 has a weakly convergent subsequence.
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Since PnB1 ⊂ 1, from Schur’s Theorem every sequence in PnB1 has
a norm convergent subsequence. Let ej∞j=1 be the canonical unit vectors
of 1. Since Pnej = ej for every j ∈ , the sequence ej∞j=1 has a norm
convergent subsequence in 1, which yields an obvious contradiction.
Remark. Why does the proof of the linear case not work for n ≥ 2? One
might think, at ﬁrst glance, that it happens because the proof of the linear
case depends on Pietsch’s Factorization–Domination Theorem. This is not
the case, because there is a Pietsch-type Factorization–Domination The-
orem for absolutely summing polynomials (see [8, Proposition 3.4]). The
point is that the proof of the linear case depends on the fact that continu-
ous linear operators are weak-to-weak continuous, a property which is not
enjoyed by continuous homogeneous polynomials in general. Actually, it
would be sufﬁcient if continuous homogeneous polynomials were sequen-
tially weak-to-weak continuous, but this is not always true.
The standard example of a weakly compact linear operator which is
not absolutely r-summing for any r is the identity operator on a reﬂex-
ive inﬁnite-dimensional Banach space. Of course, this example does not
work for n-homogeneous polynomials if n ≥ 2. On the other hand, there
are scalar-valued polynomials which are not absolutely summing. For exam-
ple, regardless of the positive integer n, from [3, Theorem 4.1 and Example
4.3] we have that the n-homogeneous polynomial
Q
(αi∞i=1) =
∞∑
i=1
αin for every αi∞i=1 ∈ 2Q ∈ n2
is not absolutely r-summing for any r. But, contrary to the identity oper-
ator, these polynomials are compact. The next example shows that there
are weakly compact polynomials which are neither compact nor r-summing
for any r. It is noteworthy that the replacement of 1 by 2 reverses the
properties of the polynomials of Example 1.
Example 2. Given n ≥ 2, consider the n-homogeneous polynomial
Qn 2 → 2  Qn
(αi∞i=1) = (αin)∞i=1 Qn ∈ n2
 2
It is obvious that Qn is weakly compact. A repetition of the argument with
the unit vectors ej∞j=1 shows that Qn is not compact. To see that Qn is not
absolutely r-summing for any r, from [8, Proposition 3.1] we may assume
r ≥ 2. Then ∑kj=1 Qnejr/n = k → ∞, while supϕ∈B2
∑k
j=1 ϕejr ≤ 1
for every k ∈ , showing that Qn is not absolutely r-summing.
Now the question concerns the existence of homogeneous polynomials
which play the role of the identity operator in the following sense: given an
inﬁnite-dimensional Banach space E and a positive integer n, is there an
note 461
n-homogeneous polynomial P E → E such that (i) P is neither r-summing
for any r nor compact; (ii) P is weakly compact if and only if E is reﬂexive?
The following result provides the answer.
Proposition. Let E be an inﬁnite-dimensional Banach space and let n be
a positive integer. Choose ϕ ∈ E′ ϕ = 0, and deﬁne
Pϕ E → E  Pϕx = ϕxn−1 · x
 Pϕ ∈ nE
E
Then
(a) (Weak Dvoretzky–Rogers Theorem for Polynomials): Pϕ is not abso-
lutely r-summing for any r.
(b) Pϕ is not compact.
(c) Pϕ is weakly compact if and only if E is reﬂexive.
Proof. (a) See Matos [9, Theorem 5].
(b) Since ϕ = 0 kerϕ is an inﬁnite-dimensional Banach space; then
there exists a sequence xj∞j=1 ⊂ Bkerϕ which has no norm convergent
subsequence. Choose y ∈ E y /∈ kerϕ y = 1, and put yj = y + xj .
Then yj∞j=1 is a bounded sequence and
Pϕyj = ϕyn−1y + ϕyn−1xj
for every j, because xj ∈ kerϕ. If Pϕyj∞j=1 has a norm convergent
subsequence, then
xj∞j=1 =
(
1
ϕyn−1Pϕyj − y
)∞
j=1
∗
has a norm convergent subsequence, too—a contradiction. Therefore
yj∞j=1 is a bounded sequence in E such that Pϕyj∞j=1 has no norm
convergent subsequence, which proves that Pϕ is not compact.
(c) The “if” part is obvious. For the “only if” part, assume that Pϕ
is weakly compact. Suppose that kerϕ is not reﬂexive. Then there exists
a sequence xj∞j=1 ⊂ Bkerϕ which has no weakly convergent subsequence.
Choose y and yj exactly as above. Since yj∞j=1 is bounded and Pϕ is weakly
compact, Pϕyj∞j=1 has a weakly convergent subsequence. From (*) it
follows that xj∞j=1 has a weakly convergent subsequence, a contradiction
which proves that kerϕ is reﬂexive. Then E contains a reﬂexive subspace
of ﬁnite codimension. It follows that E is reﬂexive.
Final Remark. The Dvoretzky–Rogers Theorem [4, Theorem 11.4]
asserts that every inﬁnite-dimensional Banach space contains an uncon-
ditionally summable sequence which fails to be absolutely summable.
This is a property that Pϕ does not share with the identity operator in
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general. Actually, a Dvoretzky–Rogers theorem for polynomials is not to
be expected:
If E has cotype 2 then, regardless of the positive integer n ≥ 2 and the
Banach space F , every n-homogeneous polynomial P ∈ nE
F maps
unconditionally summable sequence into absolutely summable sequences.
With the help of [4, Proposition 8.3] it is easy to see that this result is
a particular case of [2, Corollary 2.3]. Alternatively, a direct proof follows
from the Orlicz Theorem [4, Proposition 8.9].
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